USA nhage Universita bingen

ABSTRACT

ζ( it σ t ± t^{− c} c > t^{1/2}

ζ( it σ T ≤ t ≤ T + T^{1/2} ± t^{− c} in O(t^ε O t any O(T^{1/2} and O(T^{1/2} n O(n^1 n^{3/2}

π(x

L

USA nhage Universita bingen

. 109

ζ /2 + it t ± t^{− 2}

π(x ≤ x ζ(s s it σ t ± t^{− c} c >

s it by

ζ(s) = n =1Σ ∞ n^{− s} (1.1)

for s for all s ≠ ζ(s mand n,

ζ(s) = j=1Σ^{n − 1 j− s +}_2^{1 n− s +}_{s − 1}^{n1− s +}_{k=1}Σ^{m T}k,n^{(s) + E}m,n^{(s}

where

T_{k,n} (s) = k B_{2k}

n^{1− s − 2k}

j=0Π^{2k− 2 (s +j}

B_2 = 1/ B_4 1/

E_{m,n} (s) 2m + 1 s + 2m + 1 T_{m+ n} (s) . (1.3)

m+ mand n ζ(s ζ(s s

t 1/ n t k^{− s} , k ≥ n

∫_k^{k+1} u^{− s} du =_{1− s}

(k+^{1− s} − k^{1− s} = 1− s k^{1− s} + k 1 )^{1− s} − 1 ,

t k

ζ(s

ζ( it t σ ± t^{− c} c t^{1/2} ζ(s _ ) (s) t >

ζ(s

O T

δ, σ_1 2 = c_2 (δ, σ , c_1 ) > 0 will perform ≤ c_2 T^{1/2} ≤ c_2 log using ≤ c_2 T^{1/2} ζ( it) ≤ t ≤ T + T^{1/2} ± T^{− c1} in ≤ c_2 T^δ

ζ(s T^{1/2} O(T^ε

π(x T^{1/2} ζ( it), t ∈ [T, T + T^{1/2} T

O(T^ε O(T^{1/2} storage). N N Z(t Z(t) = e^{i θ (t)} ζ /2 + it θ(t) = π^{− 2} Γ /4 + ∞ θ(t) <∼ Nπ t <∼ 2πN N)^{− 1} N + ζ /2 + it N zeros O(N^2 ≥ c_3 N^2 N)^{− 1}

O(N^{3/2} ≥ c_4 N^{3/2} N)^{− 1/2} O(N^1 O(T^{1/2}

π(x O(x^{2/3} O(x^{1/3}

π(x ζ(s O(x^{2/3} O(x^ε

O(x^{3/5} O(x^ε π(x O(x^{1/2} O(x^{1/4}

M(x bius μ

ζ( it form

g(t) =

k=1Σ^{M d}k^{k− it} g(t t g(t

g(t t

k=1Σ^n_{z − bk}^{a k (1.7)}

O(T^1 ζ( it O(T^δ t ε [T, T + T^{1/2} t ε [T T

T^δ T,

ζ( it t

1/ t >

to 1/ π(x 1/ s it /2 2

t > 2π, N ε Z^+ t ≥ c_5 N c_5 > m = π)^{− 1/2} t^{1/2} v t^{1/2} π)^{− 1/2}

S_N(s) = n =0Σ N− 1

r ≤ 2Σ r n − 2r n n! i^{r − n} π 2 2− r

a_n (s) Ψ^{(n − 2r)} v

with

Ψ(u) = cos πu cos π( 2 1 u^2 − u − 8 1 )

a_n (s

a_0 (s) = a_1 (s) = t 1 , a_2 (s) = 2t (

(n + t^{1/2} a_{n +1} (s) = ( n − a_n (s) + ia_{n − 2} (s n ≥ 2 .

The a_n (s

a_n (s) c_9 t^{− 6} . (2.4)

ζ(s) = k=1Σ^{m k− s (s)}_{k=1}Σ^{m ks − 1 (2.5)}

+ (−^{m− 1} πt)^{(s − /2} − iπ(s − /2 − 2 − iπ/ Γ − s) T_N(s

where χ(s) = 2^s π^{s − 1} 2 πs ) Γ − s

T_N(s) − S_N(s) c_6 e^{− c7 t} + (c_8 )^6

(2.7)

c_6 , c_7 , c_8 > 0.

log Γ − s) = /2− s − s) − − s) + 2 1 π

+ h =1Σ M 2h h −

B_{2h} − s)^{1− 2h} + O(t^{− 1− 2M}

M = c_1 + 10 O σ , δ c_1

Γ − s O(t^{− c1 − 15} O(t^δ

w iπ(s − /2 − 2 − iπ/8

O(t^{− c1 − 10} O(t^δ

Γ − s) O(t^{1/2} e^2 )

πt)^{(s − /2} e^w Γ − s) O(t^{/2}

O(t^{− c1 − 10} O(t^δ

S_N(s N =

6c_1 + 100 Ψ(u u = 1/ Ψ(u N u = 1/ u 1/ u 1/ N O(t^δ O(t^{− c1 − 10} a_n (s 0 ≤ n ≤ N− O(t^{− c1 − 10} O(t^δ )

containing T_N(s O(t^{− c1 − 10} O(t^δ O(t^δ χ(s O(t^{− c1 − 10} O(t^δ ζ(s O(t^{− c1 − 1} compute

f^* (t) =

k=1Σ^{m k it (2.9)}

for and O(t^{− c1 − 10} ). ζ( it t ε [T, T + T^{1/2}

O(t^{− c1 − 1} O(t^δ f^* (t O(t^{− c1 − 10} f^* (t), m = t^{1/2} π)^{− 1/2} α ranges ε[−

H = T^{1/2} π)^{− 1/2}

(2.10)

f(t) =

k=2Σ^{H k it}

t ε [T, T + T^{1/2} ], f(t f^* (t (H +^{it} , O(T^{− c1 − 10} O(T^δ t. Since

f^{(r)} (t) = i^r

k=2Σ^{H k)r k it}

f^{(r)} (t) H^2 H)^r r

G = T^{)/2} + 2 T^{1/2} G^{− 1} t_j = T + j . η ≤ j ≤ G

f^{(r)} (t_j ≤ r < R = 10 c_1 + 10 δ^{− 1} + 10

(where x ≥ x O(T^{− c1 − 20} t ε [T, T + T^{1/2} t − t_j t_j R f(t) around t_j f(t O(t^{− c1 − 10}

r =RΣ ∞ r! f^{(r)} (t_j ) (t − t_j )^r = O r =RΣ ∞ r! H^2 H)^r η^r = O(T^{− c1 − 10} )

for T δ and c_1 R O(T).

f^{(r)} (t_j ≤ r < R ≤ j ≤ G O(T^{− c1 − 10} α and ζ( it t ε [T, T + T^{1/2} O(T^δ O(T^{− c1 − 1} T ≥ T_0 (σ , δ, c_1 T ≥ T_1 (σ , δ, c_1 ζ( it ± T^{− c1} in O(T^δ t < T_1 ζ( it ≤ c_{10} σ , δ c_1

f^{(r)} (t_j O(T^{1/2} f^{(r)} (t_j O(T^{1/2} O(T^{1/2} ).

c_{11} >

g(t) =

k=2Σ^{H d}k^{kit}

where d_k H^{c11} d_k O(H^{− 100 c11} g g(θ g(θ G G ≤ 2 H^1 O(H^{− c11} O(H^{1+2ε} O(H^{1+2ε} O ε and c_{11} n n = 2^h 2 H^1 + 2 ≤ n = 2^h ≤ 4 H^1 +

e^{2π}

h( j) =

m=0Σ^{n − 1 g(m θ) ω ≤ j ≤ n − 1 . (3.3)}

g(m θ) = n 1 j=0Σ^{n − 1 h( j) ω− ≤ m ≤ n − 1 . (3.4)}

h( j O(H^{− 8c11} h( j O(H^{4 c11} g(m θ O(H^{− 3c11} O(n log n O n O(H^{1+2ε} O(H^{1+2ε} h( j

h( j) =

k=2Σ^{H d}k^wk^{( j}

where w_k( j) =

m=0Σ^{n − 1 kimθ ω . (3.6)}

k ≤ k ≤ H j j = J 1 − k^{iθ} ω^J H^{− 20c11} then w_k(J) = n + O(H^{− 10c11} w_k( j) = O(H^{− 10c11} ≤ j ≤ n − j ≠ J

w_k( j) =

1 − k^{iθ} ω^j

1 − k^{inθ} = ω^j − k^{− iθ} k^{− iθ} (k^{inθ} − .

Let

f(z) =

k=2Σ^H_{z − k}− iθ^{a k}

where a_k = J ≤ J ≤ n − a_k = d_k k^{− iθ} (k^{inθ} − f(ω^j ≤ j ≤ n − O(H^{− 8c11} in O(H^{1+2ε} O(H^{1+2ε} h( j)

k J f(ω^J d_k n

O(n^1

j j, 1 ≤ j ≤ n, x_j 1 and a_j 1 a_j − a_k n^{− c} > 0 ≠ ′

b_k =

j ≠ kΣ a j − a k

x_j ≤ k ≤ n ,

± n^{− c}′.

a_j − a_k n^{− c} for j ≠ k b_k n^2

O(n n)^2 O(n m)^c f(x n

f(x

f_{p,q} (z j, f(z_j f_{p,q} (z_j f_{p,q} (z z = z_j.

. ≥ 1 ′_k, 1 ≤ k ≤ ± n^{− 10c} with a_k 1 β_k, 1 ≤ k ≤ 0_k < ± n^{− 10c}, β_k − j n^{− 8c} for 1 ≤ k ≤

f(z) =

k=1Σ^n_{z − bk}^{a k ,}

b_k = πiβ_k ≤ k ≤ n ,

z_j = π ≤ j ≤ n − ± n^{− c} using ≤ c′n n)^2

≤ c′^{log ≤ c}′^{n n)2}

Proof <x> x,

<x x + 1/2 , x_n R/( ); x_n =_kmin x − kn .

≤ k ≤ n ≤ j T(k,j) = max s ≥ j − s3^r_n ≤^r − /_k − s3^r_n ≥ 3^r − 1} , p and q, p < n^q ≤ 2+ p3^q ≤ n − 1 +^q − /2, I_{p,q} = ≤ k ≤ n, T(k,p3^q ) = T(k,j) = r s^r − 1_k − s3^r_n ≤ q^q ≤ 2+ T(k,j O n β_k β_k k and q, T(k,p3^q ) = q implies k 3> 3^{q +1}_n < 3^{q +1} − p ≤ p ≤ n − 1, p3^q ≤ n − 1 +^q − / k n I_{p,q},

Define f_{p,q} (z) =

k ε I_{p,q}Σ z − bk

a_k .

j ≤ j ≤ n − 1, Q = log_3 ( 2+ , f(z_j ) = q =0Σ Q

T(k,j) = q

k=1Σ_{zj − bk}^{a k =}_{q =0}Σ^{Q f}<j3^{− q} >,q^{(z}j

I_{<j3}− q_{>,q} = ≤ k ≤ n, T(k, <j3^{− q} >3^q ) =

= ≤ k ≤ n, T(k,j) =

f_{p,q} (z z_j with <j3^{− q} p

z_{p,q} = πip3^q ) .

<j3^{− q} p j − p3^q_n ≤^q − / k ε I_{p,q}

implies_k − p3^q_n ≥ 3^q −

b^k − z^{p,q} z_j − z_{p,q} ≤ 4 π 1 = 2_{− 1/2} .

R ≥ 1000c log n

z_j − b_k a_k = z_{p,q} − b_k a_k − z_{p,q} − b_k z_{p,q} − z_j )^{− 1}

= r =0Σ R (z_{p,q} − b_k)^{r +1} a_k

(z_{p,q} − z_j )^r + O(n^{− 100c}

ξ_q π3^q

f_{p,q} (z_j ) = r =0Σ R A_{p,q,r} ξ^q z_{p,q} − z_j r + O(n^{− 50c} where

A_{p,q,r} =

k ε I_{p,q}Σ (zp,q − bk) r +1

a_k ξ_q^r .

f(z_j ) = r =0Σ R qΣ^A<j3^{− q} >,q,r^ξq^{− r (z}p,q^{− z}j^{)r + O(n− 40c ) .}

A_{p,q,r} ± n^{− 20c} O(n n)^2 O n O(n n)^2 O c f(z_j O(n^{− 20c} O n)^2

ε / δ, σ_1

′^{2 = c}′^{2 (δ, σ , c1 , a)}

T > 0 ≤ c′_2 T^{1/2} ≤ c′_2 log

≤ c′^{2 Ta ζ( it)}

≤ t ≤ T + T^a ± T^{− c1} in ≤ c′_2 T^δ values.

L-

s K_{1/2− s} (z z

K_s (z) = 2 1 0 ∫^∞ exp {−_u^z (u + u^{− 1} )^{s − 1} du

G(s,z z

G(s,z) = 1 ∫^∞ u^{s − 1} e^{− zu} du

s iT + i η j ≤ j ≤ n − ω an n

j=0Σ^{n − 1 G( iT + i η j, z) ωj =}_1∫ ∞ e^{− zu} u^{1 + iT} 1 − u^i

1 − u^{i η n} du ,

K_{1/2 − s} (z z u F(ω, u^{i η} n ω

π(x

1/

References

Math. Comp., 33 L-functions, Proc.

Math. Ann., 168

Univ.

[12]

π(x , 44 L strip, , 33 π(x J.

Algorithms

function,

, 227

Quellen

1951.

kernel,

, 48